Testing sequential quantum measurements: how can maximal knowledge be extracted? 
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The extraction of information from a quantum system unavoidably implies a modification of 
the measured system itself. It has been demonstrated recently that partial measurements can be 
carried out in order to extract only a portion of the information encoded in a quantum system, at the 
cost of inducing a limited amount of disturbance. Here we analyze experimentally the dynamics of 
sequential partial measurements carried out on a quantum system, focusing on the trade-off between 
the maximal information extractable and the disturbance. In particular we consider two different 
regimes of measurement, demonstrating that, by exploiting an adaptive strategy, an optimal trade- 
off between the two quantities can be found, as observed in a single measurement process. Such 
experimental result, achieved for two sequential measurements, can be extended to N measurement 
processes. 



The measurement process represents one of the most 
distinctive aspects of quantum mechanics with respect to 
classical physics P, Q • The main result of quantum mea- 
surement theory is the unavoidable disturbance of the 
quantum state by the measuring process, as epitomized 
by the early Heisenberg x-ray microscope thought exper- 
iment [3| • The duality between the information available 
on an unknown quantum system and the disturbance in- 
duced by a measurement process is of utmost relevance 
when investigating the quantum world [4|-|6| and lies at 
the basis of the security of quantum cryptographic pro- 
tocols 0- In this framework, a measurement approach 
can be adopted to extract only a partial amount of in- 
formation from the quantum system at the cost of lim- 
ited induced decoherence [8t-llll|. Thus by adopting this 
partial measurement technique, consecutive observations 
(i.e. sequential measurements) can be carried out on the 
same quantum system to investigate its properties with- 
out destroying it [L^ - Hij . The scenario of multiple mea- 
surement on the same quantum system leads to the fol- 
lowing question: for a given amount of disturbance, how 
can knowledge from sequential measurements be opti- 
mally extracted and accumulated? 

The aim of this paper is to investigate experimentally 
the trade-off between information gained and disturbance 
induced by partial sequential measurements on a quan- 
tum system adopting different measurement strategies 
[l9j |. In particular we compare the different trade-offs 
for two classes of measurement processes that can act on 
a quantum system: coherent and incoherent. Coherent 
measurements require that the system and measurement 
apparatus have a well defined phase relation (e.g. ho- 
modyne detection), while incoherent measurements are 
implemented as a projection that does not exploit the 
phase of the quantum state respectively to the measure- 
ment apparatus (e.g. photodetection). Such incoherent 
measurement process can be performed partially in the 



sense that the projection involves only a sub-ensemble of 
equally prepared quantum states, leaving the rest unmea- 
sured. In this letter, we implement experimentally two 
sequential measurements performed on the same quan- 
tum system and observe that when sequential coherent 
measurements are carried out, the trade-off outperforms 
the one that characterizes incoherent sequential measure- 
ments. Moreover, the optimal trade-off that character- 
izes the single coherent measurement can be retrieved by 
adopting a proper adaptive strategy. Such result, ob- 
served for N — 2 sequential measurements, can be ex- 
tended for any value of N. 

The experimental investigation on the duality between 
decoherence and knowledge has been carried out through 
the interaction between one part of an entangled quan- 
tum system and an ancillary qubit (the 'meter') on which 
projective measurements have been performed. This has 
also allowed us to observe a Zeno-like behavior [2C§ of the 
entanglement dynamics as a function of the strength of 
the interaction. 

Let us define the figures of merit that describe the in- 
volved quantities: 

i) The amount of information that can be gained on a 
quantum state is quantified by the knowledge K € [0, 1]. 
Such parameter is the capability of correctly discrim- 
inating the quantum states belonging to the compu- 
tational basis {|0),|1)}. Specifically K is defined as 
K = I EiKMJ-SiyyP&j)! where p(i,j) is the proba- 
bility of guessing the state \i) when the input one is \j). 
K = 1 corresponds to maximal knowledge and is achieved 
by projective measurements {|0)(0|, |1)(1|}, while K < 1 
can be achieved by a partial measurement. When K — > 
we perform a weak measurement. 

ii) The disturbance effect of the measurement process on 
the initial maximally entangled state has been estimated 
by analyzing the degree of entanglement of the system, 
quantified by the concurrence C £ [0, 1], which gets lower 
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FIG. 1: a) Scheme of the sequential measurements scenario. The qubit B is coupled with the ancillary qubit \Q)m- The 
measurement result affects the next sequential one by adapting the measurement basis through a rotation Ri in the next 
measurement process (MK2). b) Scheme for the implementation of two sequential measurements strategy on single photon 
states. An individual photon passing through the whole measurement apparatus is detected only in one of the four output 
ports, which indicates which combination of results for MK\ and MK2 is obtained, c): Scheme of the measurement apparatus. 
Top: a polarizing Mach-Zehnder interferometer which allows to separately manipulate the horizontal and vertical polarizations 
adopting two waveplates oriented at angles 8 a and 8b, related by a shift of 7r/4 for the optimal configuration. The physical 
angle 6 b is related to the strength parameter i[i by the relation i[i = ~ — 29b, leading to K — |cos(4#f,)|. Bottom: to obtain a 
stable apparatus, an equivalent Sagnac interferometer has been adopted, d): Experimental setup adopted for the sequential 
measurement strategy for N = 2 measurement processes. 



(C < 1) as the information extracted from the system in- 



creases 



Let us first analyze the single coherent measurement 
strategy, represented by the quantum circuit in Fig.([T} 
a): box MK\. We consider a singlet state shared by 
parties A and B \ip~) A B = ^(|10)ab - \01)ab) gener- 
ated by a standard entangled state source. The measure- 
ment strategy gains information on qubit B by entan- 
gling it with the meter M through a coupling of variable 
strength, parametrized by ip, and then performing a pro- 
jective measurement on M . 

Specifically, the qubit B interacts with M, initialized 
as |0)m, through the following unitary transformation: 
Z7(^)K)b|0)a/ = \i)B\a-i)M where i — 0,1, and |a 4 ) are 
two pure states. Both \cti) can be expressed in terms 
of ip: \a ) M = cosV'|0)Af + smip\l) M ] \&i)m = 
cosV>|0)m — smtp\l)]\i. In order to extract information 
from the system the meter is measured in the diagonal 
basis |±) M = |0)Af ^ 1>M , so that the optimal value of 



the knowledge, expressed following the definition in (i), 
is found to be K = | sin 2-01 . Hence it emerges that for 
the optimal coherent measurement described above, the 
residual entanglement is related to the knowledge ex- 
tracted as C coh = \/l - K 2 [H], so that when all the 
information available is extracted (K = 1), the initial 
entanglement is completely lost (C = 0). Such behavior 
can be compared to that of incoherent measurements, 
which gives C mc = 1 - K 0. 

The former relations have been experimentally imple- 
mented generating two photons entangled in polarization, 



-^{\HV)ab — \VH)ab), where (H, V) are linear horizon- 
tal and vertical polarization, respectively. Then, to carry 
out a single coherent measurement, we have exploited a 
different degree of freedom of the same photon, encoding 
the meter qubit M in the linear momentum, since this 
approach provides a natural phase relation between qubit 
B and the meter M . For the measurement setup, here- 
after denoted as measurement kit MK, we refer to the 
schematic representation in Fig.([T]-c). The MK corre- 
sponds to a Sagnac interferometer with a polarizing beam 
splitter (PBS), that interfaces the polarization to the 
output spatial modes a (transmitted) and b (reflected) 
[23| . On both internal propagation modes a and b of the 
Sagnac two half- waveplates, rotated at angles 9 a and 9b, 
allow to manipulate the polarization degree of freedom 
of the state. The selection of one of the output modes 
of the PBS thus represents the analysis of the outcomes 
of the projection on the meter qubit. The knowledge K 
has been estimated as K = p(o.g)+ P (i,v)- P (i,g)- P (o,v) ; 

from the definition (i), where p(i,j) is the probability 
that an input photon with polarization j will emerge on 
the mode corresponding to the outcome i. On the other 
hand the concurrence of the state pab after the single 
measurement process acting on qubit B has been esti- 
mated from the density matrix reconstructed via quan- 
tum state tomography 21] . Experimental results are re- 
ported in Fig.([2]-a), and compared to theoretical expec- 
tations evaluated taking into account imperfections due 
to the PBS and to the source of entangled states. 

Let us now address the following question: how can 
knowledge be extracted from sequential measurements? 
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FIG. 2: a) Theoretical expectations compared to experimen- 
tal data (dots) for concurrence as function of the knowledge 
for the single measurement case. Red dashed line refers to a 
single measurement process, while continuous line takes into 
account the parameters of the PBS (tn = rv — 0.992,r_ff = 
tv = 0.008) and the concurrence of the initial state. The blue 
dot line refers to the incoherent case without considering any 
imperfections of the system.. 

We consider two sequential measurement processes of 
equal strength, represented by the schemes in Fig.([T} 
a,b). Each measurement process introduces a specific 
amount of decoherence, reflected by a lowering of the con- 
currence after each step. The degree of entanglement of 
the state after the two sequential measurements gives an 
indication of the total disturbance induced in the whole 
process. 

For two subsequent incoherent measurements the con- 
currence scales linearly with the total amount of infor- 
mation K"^ extracted from the system C mc = 1 — -?Q™ t c : 
see Fig. ©a). 

As second benchmark, we consider two independent 
coherent sequential measurements, that is, the second 
projection on the state is performed independently of the 
outcome of the first one. In this case the concurrence 
shows a different dependence from the whole amount of 
knowledge extracted: C md = 1 - (K%f) 2 . In Fig. (Ha) 
we report the experimental behavior of the concurrence 
for this measurement strategy (black squares) , where the 
total knowledge K to t has been evaluated as in the single 
measurement procedure, combining outcomes 00 with 01 
and 10 with 11. Comparing to the incoherent case, we 
observe a better trade-off between information extracted 
and decoherence introduced, even if the relation between 
the two parameters is not optimal. 

The optimal trade-off between total decoherence and 
knowledge extracted from a quantum system is given 
by the relation C opt = y/l — Kf ot , analogously to what 
observed for the single coherent measurement. In or- 
der to achieve such trade-off it has been theoretically 
shown [l9| that an adaptive strategy can be adopted, 
similar to the one proposed for discrimination of mul- 
tiple copies of quantum states 0. As schematically 
shown in Fig.([T]-a), the results from the first measure- 



ment kit determine an adaptation, i.e. a rotation in 
the meter basis, for the subsequent measurement pro- 
cess. Therefore, classical communication is required be- 
tween the sequential measurements and they cannot be 
treated as independent anymore. Depending on the out- 
come or 1 of MKi, two different basis of analysis, 
generically indicated as {|/3o)j IAf)} and {|/3i), \0i)}, are 
applied on the meter qubit in MK® and MK\, where 
\/3i) = cosAi|0) +sinAi|l). Both parameters {Ao, Ai} are 
determined in order to maximize the extracted knowl- 
edge and depend from the decoherence induced by the 
first measurement process. In Fig.([3}b) we report the 
numerical determination of parameters {Ao, Ai} depend- 
ing on the measurement strength tp of the first kit. 
The adaptive strategy has been implemented experimen- 
tally by rotating the waveplates in the Sagnac of MK2, 
thus modifying the basis of the meter qubit depending 
on the measurement carried out by MK\. We note that 
an intrinsic feed-forward takes place in the adaptation 
process since two different rotations of the basis are per- 
formed in the second measurement process, depending on 
which output arm of the first interferometer the photon 
gets out, as shown in Fig. (QJb,d). In Fig.([3]-a) we report 
the theoretical behavior of concurrence as function of the 
global knowledge K tot and the experimental results. The 
value of K tot has been estimated with the same relation 
adopted for the single measurement process, where out- 
comes i refer only to the second kit. We find a good 
agreement with theoretical predictions rescaled to exper- 
imental imperfections. We conclude that by performing 
two sequential measurements with the adaptive strategy, 
we find the same optimal trade-off that characterizes the 
single coherent measurement. 

In Fig.(|3]-c) we compare how knowledge accumulates af- 
ter N — 2 incoherent (continuous black line) and adap- 
tive coherent measurements (red squares and dashed-dot 
line) as a function of K, the knowledge that would be 
extracted from each measurement if it were the only one 
performed. As the total amount of knowledge extractablc 
is equal to 1, after the first measurement there is less 
knowledge available to be extracted by the second pro- 
cess. Therefore, as shown in [lij], the total knowledge 
extracted after any two sequential measurements is not 
simply K1+K2. In particular we observe that, in the case 
of two measurements of equal K, more knowledge is ac- 
cumulated for the incoherent case compared to the adap- 
tive one. Considering both Fig.((3]-c) and Fig.(|3}d) we see 
that although the incoherent strategy accumulates more 
knowledge, it lowers the concurrence at a much faster 
rate thus confirming the advantage in adopting a coher- 
ent adaptive strategy. Finally, Fig.([3}d) experimentally 
demonstrates that the adaptive concurrence C^ t apt after 
two identical measurements is a concave function of K, as 
in the single measurement case. On the other hand, for 
incoherent measurements the function C mc (K) appears 
to be convex both for N = 1 and N — 2. This qualitative 
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FIG. 3: a) Concurrence C as function of the knowledge for N — 2 sequential measurements adopting an independent strategy 
(black squares) and the adaptive one (red circles). Black and red lines represent theoretical expectations (dashed lines for 
the ideal case, continuous ones rescaled by experimental imperfections) for the two approaches to be compared to incoherent 
behavior (dashed green line), b) Numerical determination of adaptive basis depending on the measurement carried out in 
the first kit, expressed by the parameter ip. c) Experimental knowledge after N = 2 sequential adaptive measurements (red 
squares) compared to theoretical predictions for incoherent (black line), adaptive extraction (dashed-dot red line), and after 
N = 1 measurement (dashed blue line), d) Experimental and theoretical behavior of concurrence as function of K. Black 
squares and line refer to experimental N = 2 adaptive measurements and theoretical expectations, respectively. Analogously 
red dots and line refers to the experimental and theoretical results for the single quantum measurements. The convexity of 
such behaviors are compared to the incoherent one, reported as green dashed-dot line (N = 1) and green dashed-dot-dot line 
(N = 2). 



distinction for the curvature of the function is responsible 
for a Zeno-like effect observed for coherent measurements 
[l9j |. Indeed the quantum Zeno-effect refers to a situa- 
tion in which a quantum system, if observed frequently 
by projective measurements, varies slower than the ex- 
ponential decay law. Here the concurrence scales with 
K as CtQ t apt (K) w 1 — JV-K-, while for incoherent mea- 
surements we get C(K) ml — NK. Thus for a given 
K the coherent measurements show a concurrence which 
degrades slower than in the incoherent case. Moreover 
in the coherent scenario, the amount of entanglement is 
weakly affected when a small amount of information is 
acquired in each single measurement. This Zeno-like be- 
havior is a consequence of the concave dependence of the 
concurrence from the knowledge K after any iV sequen- 
tial measurement in the coherent case, to be compared 
to a strong convex dependency for the incoherent ones. 
The coherence in the measuring apparatus thus becomes 
a basic resource for quantum controlled dynamics. 
In summary, we have reported the experimental anal- 
ysis on the trade-off between acquired knowledge from 
a quantum state and the detrimental effect on the 
system itself, performing sequential coherent measure- 
ments. We have experimentally investigated how knowl- 
edge can be accumulated from two sequential coherent 
measurements, observing that an optimal trade-off can 
be achieved when an adaptive strategy is adopted. Fi- 
nally we have observed the fundamental influence of the 
coherence on knowledge accumulation for quantum mea- 
surements, which can be exploited for deterministic Zeno- 
like behavior. Future steps might be the study of the 



extension for multiple measurements and the application 
to quantum error correction techniques and others quan- 
tum information protocols [24|, l25( . 
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